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Introduction
Data envelopment analysis (DEA) is an effective approach for measuring the relative efficiency of peer decision making units (DMUs) that produce the same set of outputs by consuming the same set of inputs. In conventional DEA models, DMUs are seen as black-boxes in the sense that the internal structure of DMUs is ignored. In recent years, a number of studies have looked at DMUs with network structures. For example, Seiford and Zhu (1999) use a series-connected two-stage process to measure the profitability and marketability of US commercial banks. To further address potential conflicts caused by intermediate measures existing between the two stages, Kao and Hwang (2008) , and Liang et al. (2008) propose various DEAbased methods to measure efficiency for the overall process and for each individual stage. Färe and Grosskopf (2000) develop a network model to evaluate the overall network DMU efficiency.
One particular type of network structure is a parallel system where a production system or a DMU can be composed of a set of independent sub-units, with each consuming the same set of inputs to produce the same set of outputs as is true of the entire system (Kao, 2009) . A typical example provided by Kao (2009) is a firm with several independently-operating plants. Each of the firm's inputs and outputs can be obtained by summing up those of all its plants respectively. In modeling this kind of parallel structure, Beasley (1995) , Kao (2009) , Kao and Hwang (2010) , and Castelli et al. (2010) propose their own versions of DEA models. All these models are essentially equivalent. Beasley (1995) develops a joint DEA maximization model for determining teaching and research efficiencies for university departments devoted to the same discipline. Moreover, special situations are considered where certain resources (general and equipment expenditure) are shared by sub-units (teaching and research activities). Kao (2009) further investigates the relationship between the inefficiency of component units and the inefficiency of the entire parallel system, and proposes a parallel DEA model to calculate the overall and component efficiencies. Instead of maximizing efficiency, Kao's (2009) parallel model minimizes the inefficiency slack of a DMU, and decomposes the inefficiency slack into its production sub-units. Castelli et al. (2004) investigate single-level and two-level hierarchical structures where each DMU is composed of consecutive stages of parallel sub-units. For the two-level situation, they introduce two kinds of balancing constraints (virtual weight balancing constraints and flow balancing constraints), and accordingly set up two different DEA models. In particular, they prove that the maximum relative efficiency of a DMU is obtained when it is compared with all the existing sub-units. However, in their work, the operation of each component unit is treated independently, and the relationship among these components is not considered. Castelli et al. (2010) proposed an elementary DEA model which is further extended into shared flow, multi-level, and network models.
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DEA Models for Parallel Systems: Game-Theoretic Approaches
In order to address both series and parallel structures in network systems, Kao and Hwang (2010) develop a relational model, based on which the system and component efficiencies can be directly determined. In terms of inefficiency, they show that the system inefficiency is a weighted average of process/component inefficiencies.
However, the DEA-based models in the above literature, including the joint maximization model (Beasley, 1995) , parallel model (Kao, 2009 ), parallel relational model (Kao and Hwang, 2010) , and elementary model (Castelli et al., 2010) , may have alternative optimal solutions, thus calculating process efficiencies directly from its optimality can lead to non-unique efficiency decompositions. Thus an approach for testing for unique efficiency decomposition is required.
In the current paper, the parallel structure is further studied and extended using the game-theoretic perspectives presented in Liang et al. (2008) . In Liang et al. (2008) , two game approaches are proposed for series-connected two-stage network processes. One is a centralized model based upon the concept of a cooperative game where the overall efficiency is maximized in an effort to optimize both stages' efficiency scores jointly. The overall efficiency is defined as the weighted arithmetic average or geometric average of stage efficiencies. The other is a non-cooperative game model which assumes that one stage is viewed as the leader with action priority to optimize its efficiency first, and then the efficiency of the follower stage is calculated subject to maintaining the first-derived leader's efficiency.
Based upon the Liang et al. (2008) concept, we show that the existing DEA approaches can be viewed as centralized models that optimize the overall efficiency of a DMU subject to the unity restrictions on each component sub-unit and on the entire system. We then propose a leader-follower approach that assumes that one first decides on the relative importance of the sub-units, and then the optimal relative efficiencies of the sub-units are derived in sequential and priority order. Such a concept of evaluating both overall and sub-unit efficiencies can be readily applicable in many industrial and service sector settings. Consider, for example, the problem of evaluating the relative efficiencies of a set of manufacturing facilities where multiple work shifts are operating. Management may wish to determine not only the overall efficiency of the plant, but may, as well, wish to determine the performance of each of the multiple shifts, and in some priority sequence. In Kao's (2009) approach, the overall efficiency of a DMU under evaluation is measured in terms of inefficiency in forms of "slacks". As a result, the "overall slack" is a sum of sub-unit slacks, and implies a form of additive efficiency decomposition. We should point out, however, that these slacks in Kao's (2009) approach are neither the standard DEA slacks in the second stage calculation of the envelopment DEA model, nor the slacks in slacks-based models (Tone, 2001 ). We point out that when efficiency is measured in terms of ratio efficiency as in the standard DEA model, such additive decomposition does not arise and thus is not inherent in the newly developed models.
The remainder of the paper is organized as follows. The centralized and leaderfollower approaches for measuring system and process efficiencies are developed in Secs. 2 and 3, respectively. The mathematical relationship between the system and component efficiencies is also investigated. In Sec. 4, a real-world application in forest production in Taiwan is used to illustrate both approaches and compare results. Section 5 presents concluding remarks.
The Centralized Approach
Suppose that there are n DMUs, with unit o is denoted by DMU o (o = 1, . . . , n), and with the ith input and rth output of DMU o denoted by x io (i = 1, . . . , m) and y ro (r = 1, . . . , s), respectively. The conventional efficiency score, E o for DMU o is calculated by solving the following CCR model (1) (Charnes et al., 1978) :
(1) Now, suppose that each DMU has a parallel internal structure as shown in Fig. 1 We first view this parallel system from a centralized and cooperative perspective, and determine a common set of optimal weights to maximize the overall efficiency for each DMU. In a cooperative sense, all component sub-units are supposed to agree on the absolute importance of the entire system performance. They cooperate first to achieve the optimal overall efficiency, after which the component efficiency is obtained for each sub-unit at the premise of maintaining the optimal system efficiency.
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DEA Models for Parallel Systems: Game-Theoretic Approaches Fig. 1 . A parallel production system with k sub-units.
Therefore, for DMU o , we first optimize its overall efficiency subject to the usual unity constraints in the form of unity restrictions not only on the DMUs, but also on each sub-unit in each DMU. Because of the centralized assumption, DMU o has the central control over its sub-units. Thus the weight attached to each input/output is assumed to be unified in both system and component levels. The centralized model is given as follows:
, it is obvious that the first set of constraints in model (2) is redundant. Using the Charnes-Cooper transformation (Charnes and Cooper, 1962) , we get the following linear program (3) equivalent to fractional program (2): 
One can find that this centralized model (3) is the same with the joint maximization model in Beasley (1995) , the parallel relational model in Kao and Hwang (2010) , and the elementary model in Castelli et al. (2010) . If we measure the efficiency in (3) in terms of inefficiency as in Kao (2009) (3) is also equivalent to the parallel model proposed by Kao (2009) . However, although the overall system efficiency is obtained via similar models from existing literature, we determine the efficiency decomposition among all sub-units in a very different way as follows.
Note that our centralized model (3), or other similar models from existing studies, may have alternative optimal solutions, which can lead to non-unique efficiency decompositions for sub-units. This can be demonstrated by a simple numerical example presented in Table 1 .
Suppose that there are two DMUs consuming two inputs to produce two outputs. Each DMU has two parallel sub-units with the same types of inputs and outputs. We evaluate DMU 1 via centralized model (3) and obtain two optimal solutions, which lead to two different efficiency decompositions for sub-units 1 and 2. For one optimal solution, the overall efficiency for DMU 1 is θ * 1 = 0.5, and the efficiency scores for sub-units 1 and 2 are θ The above results indicate that the standard approach of calculating sub-unit efficiencies directly from the optimal solutions to related models, may lead to different component efficiency combinations. Therefore, to test for uniqueness, we follow Hwang's (2008), or Liang et al. (2008) approach to find a set of multipliers which satisfies the following conditions: (i) produce the largest score for sub-unit with the first priority, while maintaining the overall efficiency score θ * o calculated from model (3); (ii) produce the largest score for the sub-unit with the qth (q = 2, . . . , k) priority while maintaining the optimal efficiencies for the overall system and for sub-units in the first (q − 1) priority positions. Through the above process, we obtain a set of efficiency scores for all sub-units. For example, assume that sub-unit p 1 is given pre-emptive priority. The following model (4) determines its efficiency score while maintaining the overall efficiency score at θ * o .
For sub-unit with the qth (q = 2, . . . , k) priority, the following model (5) optimizes its efficiency score while maintaining the optimal efficiencies for the entire system and sub-units with the first to the (q − 1)th priority.
Therefore, an efficiency decomposition is obtained for all component units of
. It is very likely that when k is greater than a certain number, there is only one unique optimal solution to model (5). Letθ is defined above and computed directly from one optimal solution of model (3). To demonstrate the above idea, we revisit the numerical example in Table 1 . The efficiency results are reported in Table 2 . The second column lists efficiency scores for DMU 1, 2 and their two sub-units when sub-unit 1 is given the first priority. The third column lists the corresponding results when sub-unit 2 is given the first priority to realize its optimal efficiency. From the results in Table 2 , we note that a unique efficiency decomposition for DMU 2 can be directly determined by centralized model (3). However, for DMU 1, the efficiency decomposition for sub-units varies when different sub-units are given first priority.
Note that in Kao's (2009) parallel model, the overall "slack" in the objective function is a sum of sub-units' slacks in their constraints. As a result, Kao (2009) obtains a form of additive efficiency decomposition in terms of the "slacks". If we use ratio efficiency measures as in model (2) or (3), such decomposition is not available. We point out, however, that the slacks in Kao's (2009) model are neither the standard DEA slacks in the second stage calculation of the envelopment DEA model, nor the slacks in slacks-based models (Tone, 2001) . As a result, these slacks do not completely indicate the levels of performance inefficiency. One still needs to convert such slacks into ratio efficiency measures to get the magnitude of inefficiency.
Next we explore the mathematical relationship between the overall efficiency θ * o and component efficiency scores θ p * o (p = 1, . . . , k) calculated from models (4) and (5).
For a sub-unit with the kth priority, let {θ
, r = 1, . . . , s, i = 1, . . . , m} represent an optimal solution to model (5); then it is true that
and
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Summing over t on both sides of Eq. (7), we have
Since 0 < w pt < 1 and k t=1 w pt = 1, Eq. (11) demonstrates that the overall efficiency is a weighted average of all component efficiencies. The weight attached to each component efficiency is the proportion of total aggregated resources devoted to each sub-unit, reflecting the relative size of a sub-unit, and furthermore the relative importance or contribution of each sub-unit's performance compared to the system's overall performance.
It is also easily derived from Eq. (11) that min
This implies that in our centralized approach, although the overall efficiency is optimized first, it still lies within the efficiency range of the sub-units.
The Leader-Follower Approach
In this section, we view the parallel system shown in Fig. 1 from a non-cooperative game perspective, and suppose that each sub-unit intends to make its efficiency score as high as possible, given the current input and output levels. Thus, we adopt the idea from the Stackelberg game concept where the leader firm/party moves first, and then the process continues for each follower down through the hierarchical structure. In that sense, the Stackelberg model is also referred to as leader-follower model.
In a parallel structure, if we assume that the action sequence for all sub-units under DMU o is (p 1 , p 2 , . . . , p k ), then sub-unit p 1 is the leader and moves first, subunit p 2 is follower 1 and moves after sub-unit p 1 's action, sub-unit p 3 is follower 2 and moves after sub-unit p 1 and p 2 's action. This process continues until sub-unit p k (follower(k − 1)) moves after sub-unit p 1 through p k−1 's action. In other words, each subordinate player executes his policies after, and with the full knowledge of, his superior players. No matter what tactics will be taken by the followers, the best strategy for leader p 1 is to optimize its efficiency, and the best strategy for follower (t − 1), p t , t = 1, . . . , k is to optimize its efficiency subject to the requirement that the efficiencies for leader and follower 1 through (t − 2) all remain unchanged. It implies that the decision of any one player will impact its subsequent players set of feasible choices.
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The above procedure can be realized in a mathematical manner as follows:
(1) For leader sub-unit p 1 , its efficiency score is determined via the following model (12), the result of which is the conventional CCR efficiency when all sub-units are treated as independent DMUs and compared together.
(2) Based upon the leader's efficiency result, the efficiency for follower 1 (sub-unit p 2 ) is derived by solving the following linear model (13).
(3) Based upon leader's and all the previous followers' efficiency results, the efficiency for follower (k − 1) (sub-unit p k ) is derived from the solution to:
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Note that in the non-cooperative (leader-follower) model proposed by Liang et al. (2008) , the overall efficiency score is directly determined as the product of two individual stages' scores. This is due to the special relationship among inputs, intermediate measures and outputs from their series-connected two-stage structures. However, in our parallel case, there is no similar relationship between the system and component efficiencies. Therefore, once all component efficiency scores are determined from (1) to (3) in the above procedure, we need to further solve an additional model (15) in order to evaluate the overall efficiency for the parallel system. The last set of constraints requires that the calculated efficiency scores for sub-units remain unchanged.
It is worth noting that in the case of leader-follower approach, although the overall efficiency is optimized last, after all sub-units obtain their respective optimal scores in a sequential manner, it does not necessarily mean that the entire system will be surpassed by any sub-unit in terms of efficiency measurement. Rather, the overall efficiency e * o lies between the lowest and highest of sub-unit efficiency scores.
Also 
Equation (16) indicates that the overall efficiency is a weighted average of all component efficiencies. The weight attached to sub-unit p's efficiency is its aggregated inputs, reflecting to some extent the relative importance or contribution of sub-unit p's performance.
To demonstrate our leader-follower approach, we consider the numerical example in Table 1 . We first assume that sub-unit 1 is the leader, and sub-unit 2 is the follower. The corresponding efficiency results are reported in the second column of Table 3 . The third column shows the efficiency results when sub-unit 2 is assumed to be leader. Comparing the two groups of efficiency scores, we notice that DMU 1 has different system and sub-unit efficiencies when different sub-units act as leader. However, for DMU 2, its overall and component efficiencies remain the same no matter which sub-unit is the leader.
Finally, we can also develop the leader-follower approach based upon inefficiency or slacks.
(1) For leader sub-unit p 1 , its efficiency score is determined by model (12) which can be converted into the following linear program:
(17) 
(3) Based upon the leader's and all the previous followers' efficiency results, the efficiency for follower (k − 1) (sub-unit p k ) is calculated by 
The mathematical relationship between the overall optimal slack s * o and component optimal slacks s
where ω * i is the optimal value for ω i (i = 1, . . . , m) in model (20) . This implies that similar to efficiency, the overall inefficiency is also a weighted average of all component inefficiencies, which was previously mentioned in Kao and Hwang (2010) .
Forest Production in Taiwan
We here revisit the forest production example in Kao (2009) to illustrate the cooperative and non-cooperative game approaches proposed in this paper, and further compare our efficiency results with Kao's (2009) 
results.
As pointed out by Kao (2009) , the forest production system is a typical parallel production system, where each district has several sub-districts, referred to as working circles (WCs), operating independently. In Taiwan, the forestlands are divided into eight districts, and each is further divided into four or five WCs. A WC is the basic unit in forest management, but it is not regarded as a so-called independent unit because it does not possess an administrator. Only a district is viewed as an independent unit in this forest production system.
The data set is presented in Table 4 , which was previously used by Kao (1998 Kao ( , 2000 Kao ( , 2009 . There are four inputs, including land in thousands of hectares, labor in persons, expenditures each year in ten-thousand New Taiwan dollars, and initial stocks before the evaluation period in 10,000 cubic meters. Three outputs are taken into account, including timber production each year in cubic meters, soil conservation in 10,000 cubic meters, and recreation each year in thousands of visits. For a detailed explanation regarding the forest production system and the data set, refer to Kao (1998 Kao ( , 2000 Kao ( , 2009 . Table 5 reports the results for districts and WC obtained from our centralized approach and leader-follower approach in columns 2 and 3, respectively. Within each district, without any additional information available to us, the priority order for both approaches is assumed to be set according to the manner in which they are numbered, that is from the WC with the lowest number to the one with the highest number.
The results from Kao's (2009) parallel model are shown in column 4. As expected, the efficiency results from our centralized approach are exactly the same as those from the parallel model. Furthermore, to test the uniqueness for each district, we assume the pre-emptive priority and solve model (4) for each WC. All of the resulting optimal efficiency scores are the same with our centralized approach. This implies that a unique efficiency decomposition is obtained for all WC under each district. Also, note that for both of our approaches, the overall efficiency for each district lies within the efficiency range of its subordinate WCs, and can be demonstrated to be a weighted average of related WC efficiency scores.
If we treat the 34 WCs as independent DMUs, we can calculate their efficiency scores by solving the conventional CCR model (1). The results are listed in the fifth column of Table 5 , and generally speaking, they are quite consistent with those calculated from the centralized approach (or Kao's (2009) parallel model), and with those from the leader-follower approach. Since the CCR WC efficiency is the best score that each WC can possibly achieve, these CCR efficiencies are greater than or equal to the corresponding efficiency results obtained from our centralized or leader-follower approach. This is especially true for our leader-follower approach, where the first WC under each district is given the first priority in efficiency optimization. Thus, its leader-follower efficiency result is equal to its CCR WC efficiency.
Comparing the efficiency results solved from the centralized model with the CCR WC efficiency scores, we find that there are 9 out of 34 WCs whose CCR efficiencies are greater than their centralized efficiencies by more than 0.1. The largest difference occurs at the 14th WC Tai-chung under Nantou district, where the efficiency score is 1 versus 0.5701. This indicates that sacrificing the efficiency score for Tai-chung by 0.4299 (= 1 − 0.5701), could realize a higher efficiency for Nantou, the district it belongs to. If WC Tai-chung is allowed to be efficient with the score 1, then the highest possible efficiency score for Nantou district becomes 0.5577, a drop by 0.2157 (= 0.7734 − 0.5577) compared with its original centralized efficiency. We also notice that 12 out of 34 WCs have equal centralized efficiencies to their respective CCR efficiencies, 2/3 of which have an efficient score of unity. Similarly, we compare the efficiency results obtained from the leader-follower model with the CCR WC efficiencies, and find that 12 out of 34 WCs with a CCR efficiency greater than the leader-follower efficiency by more than 0.1. The largest difference occurs at the 26th WC Heng-chun under Pingtung district, which is 1 versus 0.0853. This is because Heng-chun is the last follower and is given the least priority in efficiency optimization among all four WCs belonging to Pingtung district. In other words, its efficiency is sacrificed to realize higher efficiency scores for the remaining three WCs from the same district, all of which have priority over Heng-chun in optimizing efficiency. Also, note that 11 out of 34 WCs have leader-follower efficiencies equal to their respective CCR efficiencies, 8 of which do so because they are the leader in the action sequence within each DMU/district, and have the priority to receive the best possible efficiency scores.
The last column of Table 5 shows the conventional CCR efficiency scores for eight districts without considering any WC. As pointed out by Kao (2009) , ignoring the requirement that each sub-unit should have an aggregated output that is smaller than its aggregated input will lead to a higher efficiency measure for every district. The efficiency results obtained either from the centralized or from the leader-follower approach, show that none of the eight districts is efficient. However, in terms of conventional CCR efficiency, only two districts (Lotung and Nantou) are inefficient, and the remaining six are efficient. This implies that both of our centralized approach and leader-follower approach have a stronger discrimination power in performance evaluation than the conventional DEA model. Also comparing the constraints from leader-follower model (15) with those from centralized model (3), we find that the constraints of the leader-follower overall-efficiency model are much stronger than those of the centralized model. Therefore, the overall efficiency scores calculated from the former are smaller than those calculated from the latter.
We point out again that our application of the leader-follower model in this particular problem setting is illustrative only, and acknowledge that in the absence of additional information, one may not be able to easily decide upon which sub-unit or WC in a particular district should be treated as the leader or follower. Specifically, if none of the WCs can legitimately be treated as leader, then the leader-follower model may not be appropriate for capturing sub-unit level efficiency.
Conclusions
In this paper, we first examine the existing DEA approaches on DMUs that have a parallel internal network structures with independently-operating sub-units. We show that the existing DEA approaches can be viewed as a DEA model adopting the concept of cooperative (or centralized) game theory. Next we further develop a DEA approach based upon non-cooperative (Stackelberg/leader-follower) game theory. The two approaches study the same problem from different perspectives. The centralized model supposes all component sub-units agree on the absolute importance of the overall efficiency for the entire system. The overall efficiency is optimized first, after which an efficiency-decomposition is obtained for each sub-unit. On the contrary, in the leader-follower approach, a priority is placed on the sub-units. Each sub-unit determines its best possible score with the restriction that it must follow those leader sub-units that come before it in the optimizing sequence. The overall efficiency for the DMU is calculated last subject to that all sub-units maintain their respective efficiency scores.
The decision on which of the two approaches is more preferable depends on the specific real-world application. Additional information from specific empirical study supports decision-makers to make the choice on models and to decide the priority order for component units. If additional information indicates that one component is of vital importance during a production process, then the leader-follower approach may be more appropriate for performance evaluation. But if decision-makers pay much more attention to the overall system rather than any individual sub-unit, or none of the sub-units can legitimately be treated as leader, then the centralized approach is a better choice for efficiency analysis.
We emphasize that the key assumption made in this paper and in the work of Kao (2009) , is that the parallel sub-units all produce exactly the same outputs using the same inputs (albeit in differing amounts). In many sub-unit situations, however, this property of identical output/input factors may not hold. Consider, for example, the case of an organization where different business units operate within the DMU -different wards in hospitals, service versus sales components in banks, different production lines in a factory, and so on. In future work, the authors propose to extend the development herein to accommodate settings where non-homogenous parallel sub-units operate.
